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Abstract—In this article, a general information-plus-noise
transmission model is assumed, the receiver end of which is com-
posed of a large number of sensors and is unaware of the noise
pattern. For this model, and under reasonable assumptions, a set
of results is provided for the receiver to perform statistical eigen-
inference on the information part. In particular, we introduce new
methods for the detection, counting, and the power and subspace
estimation of multiple sources composing the information part of
the transmission. The theoretical performance of some of these
techniques is also discussed. An exemplary application of these
methods to array processing is then studied in greater detail,
leading in particular to a novel MUSIC-like algorithm assuming
unknown noise covariance.

Index Terms—Random matrix theory, sensor arrays, corre-
lated noise, source detection, power estimation, MUSIC algo-
rithm.

I. INTRODUCTION
A. Motivation

Consider the very general information-plus-noise transmis-
sion model with multivariate output y, € C" at time ¢

Yye = Hry + vy (D

where z; € CX is the vector of transmitted symbols at time
t, H € CN*K is the linear communication medium, and v; €
CX the noise experienced by the receiver at time ¢.

Array processing consists in a set of tools to perform
statistical inference on the information part composing y;.
The first tool is the mere detection of this information (called
then a signal source), that is the question whether K > 0.
Once source signals are detected, the next operation consists
in the evaluation of their number, i.e. estimating /. When the
existence of these sources is guaranteed, several of their pa-
rameters can then be retrieved. One of these parameters is the
transmission power of the source, or alternatively, the distance
from the source to the receiver. Denoting H = [hq, ..., hg], it
is also of interest to retrieve information from the individual hy,
vectors. In wireless communications, these represent channel
beams which the receiver may want to identify in order to
decode the entries of x;. In array processing, they stand for
steering vectors parameterized by the angle-of-arrival of the
source signals.

In order to perform these tasks, one assumes the observation
of T (non-necessarily independent) samples yi,...,yr of
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the process y;. Denoting Y = T_l/Q[yl, ..., yr], the first
mentioned estimators are often based on the eigenvalues of
YTYTU. When it comes to vector identification, the interest
is rather on the eigenvectors of Y7Y}. The standard eigen-
inference approaches in the literature often rely on two strong
assumptions: (i) 7" is large compared to [V and (ii) the statistics
of v, are partially or perfectly known due to independent
(information-free) observations of the process v;. This article
revisits these methods by proposing alternative algorithms to
perform eigen-inference for the model (1) accounting for the
aforementioned limitations (i) and (ii).

B. Literature review

Assuming T — oo, N fixed, and v; white Gaussian
with known variance, the energy detection procedure [1]
allows for the detection of signal sources by evaluating the
total received power which is compared to a threshold that
ensures a maximum false alarm rate. If the signal structure
is known, the parameters composing H can be recovered
from the eigenvalues and eigenvectors of E[y,y}], which can
be estimated through the sample covariance matrix Y7Y}H,
Yr =T 2[y,...,yr] € CN*T. To estimate the number of
sources K, the Akaike information criterion (AIC) [2] and the
minimum description length (MDL) [3], [4] were historically
proposed, which rely on functions of the eigenvalues of YTY}".
The MDL is T-consistent while the AIK tends to overestimate
the number of sources as 7I' — oco. In terms of power
estimation, since Y7YH 2% E[y;yH], a T-consistent estimate
of the powers is easily obtained by mapping the eigenvalues
of Y7YH to those of E[y;y!']. When the vectors hy = h(6y,)
are steering vectors and the one aims at retrieving 6 for
k = 1,...,K, the multiple signal classification (MUSIC)
algorithm [5] allows for a T'-consistent estimation of the
angles 61,...,0x by determining the local maxima of the
quadratic forms ~(0) = h(#)"IIh(#) where II is a projector
on the eigenspace of E[y;y!'] corresponding to its K largest
eigenvalues (assuming ||2(#)|| constant with 6).

Due to the increase of the antenna array sizes and the need
for faster detection and estimation dynamics, modern antenna
array technologies have to deal with the scenario where the
condition 7" > N is no longer met. Under this condition,
since Y7 Y becomes a poor estimator for E[y,y}], most of
the above techniques collapse. New methods, based on the
field of large dimensional random matrix theory, have therefore
emerged, which assume that both /V and 7" are large and that
the ratio N/T is non-trivial. The AIC and MDL algorithms
are in particular improved in [6] using better estimators for



functionals of the eigenvalues of E[y;y!!]. In terms of power
estimation, NN, 7T'-consistent techniques were proposed in [7].
The MUSIC algorithm was improved on the same grounds in
[8] into the so-called G-MUSIC estimator.

A second difficulty faced by antenna array technologies is
that the interfering environment may be far from white Gaus-
sian. The vy,...,vr may not be independent or the spatial
correlation of v; may not be white. When the noise is not
white, the energy detection procedure is not valid as no false
alarm threshold can be set. When the noise is close-to-white
Gaussian with unknown variance, the generalized likelihood-
ratio test (GLRT) [9] copes with the indetermination of the
variance. Similar schemes are analyzed in the large N, T
regime in [10], [11], [12], [13]. If the noise is not white,
it is difficult to derive any test for detection. The power
and direction estimation techniques equally suffer from this
indetermination, because too little is a priori known of the
eigenstructure of VoV with Vi = T712[vy,... vr]. To
circumvent this issue, one generally assumes the existence
of a sequence of T” pure-noise test samples which are used
to “whiten” the observations. For T’ large compared to N,
after whitening, the noise becomes white Gaussian with unit
variance, leading back to traditional schemes. For N, T" si-
multaneously large, the whitening procedure gives rise to a
noise matrix of the F-matrix type [14], [15].

However, the requirement to possess observations purely
composed of noise may be impractical in real systems. As
such, in this article, we address the problems of detection,
counting, and parameter estimation of multiple sources without
resorting to a pre-whitening of the received data matrix Yrp.
Since the problem may not be well-posed in its generality, we
assume a set of reasonable conditions:

e« N,T — 00, N/T — ¢ >0, K constant. This allows for
Y7 YH to be seen as a small rank perturbation of VyVH.

o Vpr = WTRlT/ 2 (i.e. white in space, correlated in time),
where Wy € CN*T is standard complex Gaussian and
Ry is a deterministic unknown Hermitian nonnegative, or
Vr = RlT/ 2WT (i.e. white in time, correlated in space).'

e As N/T — c, the eigenvalues of VTV;' tend to cluster in
a compact interval. This assumption is satisfied by most
noise models used in practice, e.g. auto-regressive moving
average (ARMA) noise processes (see Section III-B).

o The source signals in z; are random, independent and
identically distributed (i.i.d.), even though this assump-
tion can be relaxed in many cases.

Under these assumptions, we show that a maximum of K
isolated eigenvalues of YTY:'F'| can be found for all large N, T
beyond the right edge of the limiting eigenvalue distribution
support of V7 VHH. This phenomenon is at the origin of the
detection and estimation procedures developed in this paper.
Precisely, we show that the isolated eigenvalues of YTYTEl can
be uniquely mapped to individual signal sources. The presence
of these eigenvalues will be used to detect signal sources as
well as to estimate their number K while their values will
be exploited to estimate the source powers. The associated

! Assuming the general correlated noise in both time and space would lead
to too much indetermination and is so far too difficult to address.

eigenvectors will then be used to retrieve information on the
vectors hy.

The remainder of the article is structured as follows. In
Section II, we introduce the system model and recall important
results from the random matrix literature. In Section III, we
introduce the source detector and parameter estimators for
the generic model (1) and for a specific array processing
scenario with an ARMA noise process. In Section IV, we
study the second order statistics of some of these estimators.
Simulations are then provided in Section V. The article is
concluded by Section VI. Some technical lemmas are proved
in the appendix.

Notations: The superscript (-)" is the Hermitian transpose of
a matrix and ||-|| denotes the spectral norm. The symbols 3,
—, and £, stand respectively for the almost sure conver-
gence, the convergence in probability, and the convergence in
law, while “w.p. 1” means “with probability one”. We denote
by N(a,c?) the real Gaussian distribution with mean a and
variance o2 and by CN(a, 0?) the complex circular Gaussian
distribution with mean « and variance o2. We denote by &1
the Kronecker delta function (= 1 if kK = ¢ and 0 otherwise)
and by ¢, the Dirac measure at z.

II. ASSUMPTIONS AND KNOWN RESULTS

Consider a sequence of integers N = N(T), T =1,2,...
and matrices Y = Ar + WTR%,/ 2 € CN*T where Ar stands
for the signal matrix and Vp = WTRIT/ ? for the noise matrix.>
We assume the following asymptotic regime:

Assumption 1. As T — oo, ¢ 2 N/T — ¢ > 0.

A. Hypotheses on the noise matrix

We first characterize the assumptions on Vp e WTRlT/ 2,

Assumption 2. Wy = T‘l/Q[wn,t]fl\{’tT:l, With (Wp t)nt>1 an
infinite array of independent CN (0, 1) variables.

Assumption 3. Ry € CT*T is Hermitian nonnegative with

eigenvalues o3 ., ..., 0% . satisfying:

1) Withvp = T~1 Zle 6,,{qu, vr S v, a probability mea-
sure with support supp(v) = la,,b,] C Ry = [0,00).
Moreover, v({0}) = 0.

2) The distances from the afyT to supp(v) satisfy:

tE{I{I,?ffT} d (U?’T7 supp(v)) P 0.

Let Ay > ... > AN, be the eigenvalues of VTV}' =
WTRTW;' and let 7p = N1 vazl 0, r be its spectral mea-
sure. The asymptotic behavior of 77 is of prime importance
in this paper. We recall some well known results describing
this behavior (see [16], [17] for Items 1-6, [18] for Item 4,
and [19] for Item 5):

Theorem 1. Under Assumptions 1-3, the following hold true:

2Up to studying Yq'j instead of Y7, the noise correlation can be either in
time or in space.



1) Forany z € C. £ {z € C, Sz > 0}, the equation

m = <—z+/1+’;mty(dt)) -

has a unique solution m € C_. The function m(z) = m
so defined on C, is the Stieltjes transform (ST)* of a
probability measure L.

2) For every bounded and continuous real function f,

[ matan - [ s

and therefore i, defined by (2), is the limiting spectral
measure of VoV
3) The function

2

. -1
m(z) = /ml/(dﬂ

is defined on C_ and is the ST of the probability measure
it = cu+ (1 — ¢)dy, limiting spectral measure of VHVr.
As such, m(z) = cm(z) — (1 —c¢)/z.

4) p is of the form u(dt) = max(0,1 — c=1)do + f(t)dt
where f(t) is a continuous density on (0, 00). The support
of f(t)dt is a compact interval [a,b] C Ry, and f(t) > 0
on (a,b).

5) For any interval [x1, 2] C (0,a) U (b, 00),

8{i : A1 € [z1,22]} = 0 wp. 1 for large T.

6) The function mp(z) = N='SN (A7 — 2)~" con-
verges w.p. 1 to m(x), and uniformly so on the compact
subsets of (b, o).

A procedure for determining the interval [a,b] from the
knowledge of c and v is provided in [18]. We are interested
here in the determination of the upper bound b, to which
A1,r converges. This can be done with the help of the
following proposition. Observe that m(z) can be extended to
C — ({0} U [a,b]) and that m(z) = [(t — z)"'u(dt), its
restriction to R, is negative and increases to zero on (b, o).
Recall that supp(v) = [ay,b,] C Ry.

Proposition 1 (see [18]). The point b defined in Theorem 1-4)
coincides with the infimum of the function
1 t

X(m):_EJF 1—|—cmty

(dt)

on the interval (—(cb,)™1,0). On this interval, there is a
unique my, (my < 0) such that x(m) — b as m | my. The
restriction of x(m) to the interval (myp,0) coincides with the
inverse with respect to composition of the restriction of m(x)
to (b, o).

In order to easily characterize the value of b, it will be
convenient to make an assumption on the measure v which
will not be restrictive in practice:

Assumption 4. [f v({b,}) = O, then there exists ¢ > 0 and a
Sfunction f,(t) > C(b, —t) on [by, —€,b,] with C > 0 such

3We recall that the ST my, of a probability measure p with support in R
is defined by my (2) = [(t —2) " u(dt). It is analytic on C —supp(p) and
completely characterizes the measure p.

that for any Borel set A of [a,,b,],

V(AN — e,b)]) = /

AN[b, —e,b,]

fo(t) dt.

This assumption leads to the following corollary to Propo-
sition 1, proven in Appendix A:

Corollary 1. Under Assumption 4,

1 t
b= —mib + / 71 T Cmbty(dt)

where my, is the unique solution in (—(cb,)™',0) to the
equation in m

mt

/ (Hcmt>2y(dt) =

B. Hypotheses on the signal matrix

3)

We now turn to the hypotheses on the signal matrix Ap:

Assumption 5. Let K > 0 be a fixed integer. The matrix At €
CNXT s random, independent of W, with rank rank(Ar) =
K wp. 1 for all large T. In addition, sup ||Ar|| < oo w.p.
1.

In the remainder of the paper, when K < min(N,T), the
notation Ap = UTB¥ refers to any factorization of A where
Ur € CN*K gatisfies UNUr = Ix. By Assumption 5, the
rank of By € CT*K is equal to K, w.p. 1.

Assumption 6. There exists a factorization Ap = UTBg such
that, for any z € C — supp(v),

B (Ry — 2Ir) " Br == m, ()P
— 00

for some P = diag(p11j,,...,pedj,), p1 > ... > pr > 0,
j1+ ...+ Jt = K and where it is recalled that m,(z) is the
ST of the probability measure v.

Remark 1. Assumption 6 is in general very strong. It basically

requires that either the right eigenvectors of Ar or the

eigenvectors of Ry be sufficiently isotropic. It is however often

met in practice:

Array Processing: Consider the model Ay = HpP' 264,
with Hr = [h(01),--- ,h(0k)] (8y distinct) the matrix

of steering vectors, P = diag(a?,...,a%) the ma-

trix of source powers, and Sy = T~/?[st k]f}fil the
. . 1/2
matrix of source signals, and take Vr = WTRT/ .

Assume the sy i.i.d. of zero mean and unit variance

and [VNh(9)],, = e 2™50O) g5 in a uniform linear

array. In this setting, decomposing Ar = UTBg'« with

Ur = Hp(HrHY)~Y? and By = Sy PY/?(Hp HY)'/?,

we can show (HpHM)™Y2 2% [Ir while S} (Rp —
2I7) 7 St 2% m, (2) P so that Assumption 6 holds. See
the proof of Lemma 1 for details.

MIMO Communication: Let Ap = HTP1/2S¥, with now
Hr = [h,..., hk] the wireless channels with i.i.d. zero
mean and unit variance entries of K transmitters, P their
diagonal power matrix and St their matrix of transmitted
zero mean unit variance i.i.d. signals. Taking now Vp =

RlT/ 2WT, i.e. spatially correlated noise, and considering




Y} instead of Yr, we may write A} = UrB! with
Up = Sp(SrSH)~Y2 and By = HpPY?(SpSH)1/2
to obtain B (R — zIx)"'Br % m, (2)P.

Section III-A will introduce the main results of the article,
and in particular the new detection and estimation procedures
under the general hypothesis of Assumption 6. Since the
results of Section III-A may be difficult to grasp in the
full generality of the set of hypotheses, we will then devote
Section III-B to the specific study of Item 1) in Remark 1
with v; an ARMA process for which an improved MUSIC
algorithm to estimate the angles 6, will be proposed.

C. Results on the information-plus-noise matrix

Before moving to these applications, we first recall the main
results concerning the eigenvalue distribution of Y7Y!. Since
YrYH is at most a rank 2K perturbation of V7 VH with K
fixed, Weyl’s interlacing inequalities [20, Th. 4.3.6] show, in
conjunction with Theorem 1, that the spectral measure of
YTY:'F" also converges to p in the sense of Theorem 1-2).
However, a finite number of eigenvalues of Y7 Y might stay
isolated away from the support of p [21, Th. 2.2]:

Theorem 2. Under Assumptions 1-6, let p and [a,b] be as
in Theorem 1. Let 5\1,T > > S\N,T be the eigenvalues of
YTYTH with spectral measure 7 = N~! Zf\il S\i,T. Then:

1) For every bounded and continuous real function f,

[t 22 [ sou)

2) For any interval [x1,x2] C (0,a)
#{i :
3) The function g(z) = xm(x)m(x) is positive and de-
creases from g(b“‘) to zero on (b,00). If p1g(b™) < 1,
then /\1T 2% b Otherwise, let s € {1,...,t} be the
largest index for which psg(bT) > 1 (see Assumption 6).
For k = 1,...,s, let p; be the unique solution x in
(b,00) of prg(x) = 1. Then, for i = 1,...,s and with

Jo =0,

S\i’T € [z1,22]} = 0 wp. 1 for all large T.

5\ X a.s.
it gio 1+ LTy - Ajide4ga, T pi
T—o00
Njitotda 1T~ b
T Tooo

4) The condition prg(bt) > 1 is equivalent to
my,

i > </ Hwy(dt)>_l

with my, the solution in (—(cb,)™1,0) to Equation (3).

“4)

Proof: The first two items in this theorem are proved in

[21] in a more general setting than in this paper. To obtain the

last item, observe that g(z) = — [ m(z)(1+cm(x)t) " 'v(dt)

from the definition of m 1n Theorem 1-3) and recall that

m(z) | mp as x | b, where my is defined in Corollary 1.

|

This theorem shows in particular that the number of isolated

eigenvalues of Y7V is upper bounded by the rank K of Ap
and it reaches this rank if p; is large enough.

Remark 2. In the white noise setting, i.e. Ry = It (hence,

= 01), p is the celebrated Marchenko-Pastur law, and
Equation (4) boils down to pp > +/c (see e.g. [22]). The
source detection approaches studied in [11], [12], [13] rely
on this condition.

III. SOURCE DETECTION AND PARAMETER ESTIMATION

We start by stating the results in the general context of
Assumptions 1-6. We shall then deal more specifically with
the model of Remark 1-1).

A. General results

Theorem 2 gives the following signal dimension estimator:

Theorem 3. Under Assumptions 1-6 hold true, let s > 0 be
the largest integer for which Equation (4) holds. Let 0 < € <
(ps/b) — 1 (take py = o). Given L > K, define

Ak, T

kT—arg max = >14¢

ke{0,...,L} /\k+1 T
(take 5\07T = o0). Then, for all T large, w.p. 1,

kr=j14...+js.

Proof: Writing k = j1 + ...+ js, Items 1) and 3) of
Theorem 2 ensure /\kT 25 ps > b and AgT 2% b for
{=k+1,...,L. ]

Theorem 3 allows in practice to evaluate the number of
strong sources when 7' is large. This however requires € to be
taken such that e < (p,/b)—1, a value which is practically not
known. An empirical approach consists in taking ¢ sufficiently
small (but not too small to avoid counting noise eigenvalues),
see Section V. Theorem 3 also assumes that the receiver knows
an upper bound L on K, which is less problematic in practice.

In the sequel, for i € {1,..., K}, we let K(3) =1if 1 <
i<j, K@) =2ifj1+1<i<j1 4742 .... K@) =t if
J1+---+ji—1+1 <17 < K. The following theorem provides
a means for estimating consistently p1,...,ps:

Theorem 4. In the setting of Theorem 3, let

g (z) & — i 1
T = S ——
N — kT TL:E',T-‘rl >\n,T — T
gr(z) & g (z)(zepimr(z) + cp — 1)
Di,T = 1,... kp.

Then
~ _ . a.s. 0
Pi, T — PK®) —>T—><x> .

Proof: Recall that Ay 7 > ... > Ay 7 are the eigenval-
ues of WrRrWH. In the proof, we restrict the elementary
events to belong to the probability one set where A\; 7 — b,
my(x) — m(z) uniformly on the compact subsets of (b, 00)
(seeTheorem 1-6), AlT — PK() fori=1,...,51+ - +7s,
)\]1+ 4jo+1,7 — b, and kT — ]1+ -+ js from Theorems 1,
2, and 3. Observe that YTYT is at most a (nonnegative)
rank 2K perturbation of V7 VM. In these conditions, Weyl’s



inequalitjes [20, Th. 4.3.6] ensure 5\n7T < Ap—2k,7 and
A, < Ap—ok,r for =2K +1,...,N. Forany x > band T
large, we then obtain

N—-2K

1
mr(x) > ———
T()_N—kT ZA

n=1

T S

n= kT-‘rl

nT — & ”7T T

2 my(z) + er()

where e (z) — 0 uniformly on compact sets of (b, c0), and

mT(l’)
N N
1 1 1
N7 > PU > F—
T \pmhpt142K n=N-—2K+1 "‘n,T

= myp(z) + (@)
where e7(x) — 0 uniformly on compact sets of (b, c0). Con-
sequently, gr (A7) —g(Air) = 0fori=1,...,kp. Clearly,

g(Mir) — g(pk@y) — 0 so that ar(ir) — g(pru) — 0
which, along with g(px()) = 1/pic (). gives the result. W

IN

Let now Ay = Uz B! following Assumption 6 and write
Ur = [Urr,...,Usr), Usr € CN*Jt. We introduce the
orthogonal projection matrix Iy = U&TU/TT e CNxN,
Similarly, we denote ﬁgT the orthogonal projection matrix
on the eigenspace corresponding to the set of elgenvalues
{)\]1+”.+“_1+1’T,. .. )‘j1+ +J[} in YTYT, for ¢ = 1
(Jo = 0). With these notations, we have the following estlmate
of bilinear forms of the type a‘iIl, rbr:

Theorem 5. Under Assumptions 1-6, let ar,br € CN be two
sequences of deterministic vectors with bounded norms and let
K (i) < s with s the largest integer for which (4) holds. Then:
7 :\i,T
arf iy rbr — AT( )A

v (Ni,1)gr(NiT)

al;wﬁyc(i),TbT ﬁ 0.

Proof: From Assumption 6, BY By 22 P (multiply each
side of the convergence by —z and take z large). Therefore,
P1,-- ., pt are the limiting positive eigenvalues of Ar Al For
Rt = Iy, the theorem thus coincides with [22, Theorem 2]
since then V = W is a bi-unitarily invariant (here Gaussian)
matrix as requested by [22, Assumption 2]. We now reproduce
the steps of [22, Theorem 2] under our set of assumptions.
[22, Equation (8)] remains valid in our setting which, under
the present notations, reads

a?ﬂﬁgyTbT = 7i ELSL (Z)BTdZ
Co,r
+ L af Hr(2) Yordz (5)

1T Cor

for C, v a complex positively oriented contour enclosing only
the eigenvalues A\j 4 1j, ;41,75 +> Nji+...4jo, 7> With

a:Tp—[akT,O,... 0], bT—[ka, 0,...,0]

Qr(2) = VeV = zIn) ™Y, Qr(2) = (VFVp — zIp) 7!
; 2Qr(2%)  VrQr(2?)

ORI st )

O v s e P e

ar, by =

BYQr(z*)VH BYQr(22)VH
Hr(z) = ?UTQT('Z )Ur Ujl-“'VTQTfZ )Br + Ik
T BYQr (AVHUr + I 2BYQr(z*)Br |

Let £ < s. From Theorem 2-2), for all large 7" w.p. 1, the
first term on the right-hand side of (5) is null (no pole of QT
lies in C, r for large T'), while in the second term Cy 7 can be
replaced by a contour Cy enclosing py but no pg, k # (. We
must now prove aiHyp(2)bp — it Hp(2)br 225 0 where

B 2 UH _ 2 UH
ar = |:Zm(ZO) T:| ar, bT = |:Zm(ZO) T:| bT

Hr(z) = [Zm(ii)IK zth’(z)P] :

By [21, Lemmas 4.1-4.6], |lar —ar| == 0, ||3T—BTH 250,

N m(z2)IK I a.s.
7(2) — I B (Ir+em(2?)Rr) "By ||| = 0.
K —Zz

Assumption 6 and the definition of m(z) then imply
| =L BY (Ir + em(22)Ry) "' Br — 2m(22)P|| 2% 0, which
finally gives aX\ Hp(2)by — @t Hyp(2)by =3 0. For z € Cy,
zm(2?) and zm(z?) are bounded by [d(C,, supp(u))]~*. Take
0 < & < d(Cp,supp(p)). Then, for all large T, 2Qr(z?)
and zQ(z?) are bounded by e~ w.p. 1. The dominated
convergence theorem therefore ensures that

alrl—lH[’TbT — *f ELTHT(Z)iledZ = 0.
1T Cy
Residue calculus of the right-hand side integrand as in [22,
Equations (10)-(11)] then gives

m(pe)g(pe) as.
RPIBPL) My, by 4 0,
glp) T o

Take i such that (i) = £. Using \ir = py, 1hp(z) =5
m(z), gr(z) &> g(x), and ¢ (x) > g'(x) for 2 outside
the support of p then concludes the proof. [ ]

o
aplly 7br —

B. Narrowband array processing

We now apply the results of Section III-A to the array
processing model of Remark 1. Consider a uniform linear
array of N antennas which captures 71" successive realizations

Y1, .. .,yr of the random process:
K
Yt = Z aph(0r) sk, + v (6)
k=1
with a1 > ... > ax > 0 the amplitude of sources 1,..., K,
h(0) € CV the steering-vector function

1 —27 sin 6
he) == [1, e
with 6, the angle-of-arrival of the signal from source k (the 6y,
are assumed distinct), s ; € (C the signal emitted by source
k at time ¢ such that (s, k)t k’ 1 18 an infinite array of circular
complex i.i.d. random variables with Es; 1 =0,E|s; 1> =1,
and Els;1]® < oo, and v; € CV the noise received at the

. T
67217r(N71) sin 9:| (7

geeey



sensor array at time t.

Denoting Y7 = [y1,...,yr| € CNVXT, (6) takes the form

Yy = Hp PY284H + v, ()

where Hr = [h(@l),h(Gg),,h(QK)] € (CNXK, St =
T=2[s; J5E, € CT*E| P = diag(a?, ..., a%), and Vi =
T—12vy,...,vr] € CN*T. We assume the rows of vTVp
to be independent snapshots of a complex Gaussian circular
causal ARMA (m,n) stationary process. This process can be
represented as the output of a filter with transfer function
p(z) = (I+arz7 +. c+amz™™)/(1+ 5127 +. . 4 Bn2™™)
driven by a standard complex Gaussian circular white noise.
For 2| > 1, p(z) = Y2, tez " where Y [t < oo, and we
can write Vp = WTRlT/ % with Wr as in Assumption 2 and

To ™ rT—1
T—-1
Rr =
. 71
T1-T -1 To

with r, = >, Yerrty; for any k € N, the matrix being
nonnegative.

Lemma 1. Under Assumption I,
Assumptions 2—6 with v defined by

/ g(tudt) = / o(plexp@mu)P)du ()

for every positive measurable function g, and with P in
Assumption 6 the matrix of the source powers a%.

the model (8) satisfies

Proof: We start with Assumptions 3 and 4. If m =n =0,
then v = 4&; and these assumptions are trivially satisfied.
Assume min(m,n) > 0. Then Assumption 3-1) is a well
known result on the spectral behavior of large Toeplitz ma-
trices [23], [24]. The support of v is the compact interval
[a,,b,] = [min, q¢(u), max, q(u)], q(u) £ |p(exp(2uru))|>.
It is also well known [23, §4.2] that a, < UE,T <b,, so that
Assumption 3-2) is satisfied. Since p(z) is ARMA, for g(t)
the indicator function on a set of Lebesgue measure zero, the
right hand side of (9) is zero. Hence v has a density f, with
respect to the Lebesgue measure. Let us provide the expression
of f, at a point s € (a,,b,) such that for any u for which
q(u) = s, ¢'(u) # 0. In a neighborhood of any of these wu,
q has a local inverse that we denote qq(fl). Then, for ¢ > 0
small enough,

V(s—s,s—i—s):/ dt
t:q(t)E[s—e,s+e]

1
DR N e e
u:q(u)=s [s—e,s+e] ( ))’
by the variable change ¢(t) = v. Letting ¢ | 0, we obtain
. v(s—e,s+¢) 1
lim ———— = = fu(s).
B E 2 gy =

w:q(u)=s

This proves f,(s) — oo as s 1 b,, implying Assumption 4.
We now turn to Assumptions 5 and 6. Since the 6; are

distinct (modulo 77) H. HHT — Ii. By the law of large
numbers, STST —> Ir. Hence rank(Ar) = K wp. 1
for all large T, and supT lAr|| < oo w.p. 1. Let us write
Ap = Ur B where Ur = Hr(HY Hz)~'/2? and where By =
SrP'Y2(HYHy)Y/?. By [19, Lemma 2.7] and E|s; 1|® < oo,
forany z€ C; and any 1 <i,j < K,

TI‘[(RT — ZIT)il]
T

for some C' > 0. By Markov’s inequality, the argument of E|-|*
converges to zero w.p. 1, and this convergence can be extended
to C — supp(y). Since T~ Tr[(Rr — 2I7)~ ] — m,(2) for
z € C — supp(v), Assumption 6 is satisfied. [ |

4

E|[$}(Rr~2Er)~' 57— Ix]

Sl

i,J

With these results, Lemma 1 and Theorems 3 and 4 lead to
the following inference methods:

Proposition 2. Consider the model (8). Let k > 0 be the
largest integer for which (take ay = 00)

-1
—my,

1
2> (;/' d )
=\ Jo T+ cmy|p(expima))?

with mp, € (—(cmax, |p(exp(2iru))|?)~1,0) the solution of

(10)

' m |p(exp(2uru))|? 2
/0 <1+c|72(|i)(25<2p(2w)r)1|¢))|2> du = l

Given L > K and € > 0, define (with ;\0,T = 00)

)\m T
max —

me{0,...,L} )\m+1,T

kr = arg >1+e¢.
Then kr = k wp 1 for all large T and ¢ small enough.
Moreover, for i = 1,... kp let a; = (gT()\zT)) L with

QT(XLT) as in Theorem 4. Then
iy 25 a2,

Based on Theorem 5, we now provide a source localization
method based on MUSIC [5]. Recall that MUSIC exploits the
fact that h(0;)H(Iy — 114 7)h(0;) = 0 with IT§ - @ projector
on the subspace generated by h(61),. (9g) for any i <
¢ < K. Since |h(0)|| = 1, 01, ...,0; are the arguments of the
local maxima of

vr(8) £ h(8)IL +h(6).

Proposition 3. Let k and kr be as in Proposition 2 and denote
s U, T the eigenvectors of YTY with respective

/\k - Then, for 0 € [—m/2,7/2],

U7, ..
eigenvalues /\17T, e
W (0) = 357 (0) 2 0
where
V(0) £ h(0)"TI} 7-h(6)
o s
N Aj .
o) 2y —I NIy at o),
j=1 mT()\j7T)gT()\j7T)

Proof: Lemma 1 ensures that Assumptions 1-6 are satis-
fied, so Theorem 5 can be applied for each ¢ < k. Taking ar =




by = h(0) and Up = Hyp(HYHy)~'/? as in Theorem 5, we
obtain the desired result for UrJ U?, J = diag(I, 0), instead
of II¥ ;.. As (HY Hy)=Y/2J (HY Hy) /2 2% J and HyJ HY!
is the same projector as II} ., we have h(6)"TI} ;h(6) —
h(0)"Ur JURK(6) =5 0, completing the proof. |

Proposition 3 ensures that ’yéiT(G) is a consistent estimator
of the localization function +%(6). The alternative MUSIC al-
gorithm we therefore propose consists in estimating 61, .. ., 0y,
as the arguments of the kr highest maxima of ’ﬁT (6). Observe
that, although the system models differ in both articles, the
MUSIC estimator proposed here exactly corresponds to that
provided in [22]. This remark would not hold if it were not
for Assumption 6.

IV. SECOND ORDER PERFORMANCE ANALYSIS

In this section, we discuss the asymptotic (second order)
performance of the detection and estimation schemes derived
in Section III. The model of Section III-B is considered.
Following the notations of Section III-A, we gather the source
powers ai in groups of equal powers p; > ... > p; with
y Jt-

respective multiplicities ji, ...

A. Main results

We start by studying the fluctuations of the isolated eigen-
values of YTYTE'. Recall the definition of v in Assumption 3
and recall that ¢c; = N/T. Replacing v and ¢ with vp and
cr, respectively, in Theorem 1, we obtain that

mp(z) = (—z—i—/ww(dt))_l (11

uniquely defines the ST myp(z) of a probability measure pr
supported by R . In addition, ur converges weakly to p as
T — o0; the Hausdorff distance between the supports of these
two measures converges to zero [17], [19] and, for each ' > b,
mr(z) is analytic on C — [0, V'] for all large T'. Let

- -1
mr(z) = / z(1+ CTmT(z)t)VT(dt)

-1
= T Tr(Ir + CTmT(Z)RT)il.

Similarly to Theorem 1-3), mr(z) satisfies mr(z)
ermr(z)—(1—cr)/z. Consequently, for all T large, g (x)
amr(x)mr(x) is defined on (V',00), b’ > b, and, for any k
such that prg(b*) > 1, prgr(z) = 1 has a unique solution
P71 in (b, 00).

The main result of this section (Theorem 6) describes the
fluctuations of S\i,T —PK@), T 1 < S, with s the largest integer
satisfying (4).

L

Lemma 2. Consider the model (8). Then the function

Alz)=1— c/ (%)2 v(dt)

is defined and positive on (b, o). Furthermore, A(x) — 0 as
z ) band A(x) = 1 as x — oo

Proof: See Appendix B. ]

Theorem 6. Consider (8) with the assumptions of Sec-
tion III-B. Assume in addition E[s{ 1 (s7 1)"] = 0 for u+v < 4
and u # v, and let k = Elsy1|* — 2. Let s be the largest
integer (assumed > 1) for which (10) holds. For k =1,...,s
and all T large, let p 7 be the unique solution in (b, 00) of
prgr () = 1. Define (with jo = 0)

Aji+e ik 141,T 1
nk,T:\/T — PL,T |: )
)‘j1+~~-+jk,T 1
m*(py) [ / t% + 2pyt
ap = v(dt
= Alpw) | Tremiponz”
prm(py)t 2
————p(dt
—l—c(/ (1—|—cm(pk)t)2y( )) ’
2 2
pim(px)
.= —r " y(dt d
o= [ e o
2
prm(py)
= —— = _y(dt .
o (/1+Cm(Pk)tV( ))
Let My,...,Ms, My = [Mgmili<e,m<j,, be random in-

dependent Hermitian matrices such that { My, i Ye<m are
independent, My, ~ N (0, o + B + £¢y), and My i ~
CN(O,a + Br) for 1 < £ < m < j. Let xx be the
RI* —valued vector of the decreasingly ordered eigenvalues
of (prg'(px)) ™" My. Then

L
7778,T) T—> (X17"‘

—00

(771,T7~-- 7Xs)~

Proof: The proof of the theorem is given in Section I'V-B.
|
Theorem 6 shows that, after appropriate centering and
scaling, the vector of the isolated eigenvalues of YTY:,'fI that
converge to p > b tends to fluctuate like the eigenvalues of
a certain Hermitian matrix with Gaussian elements. If x = 0,
this matrix is a scaled Gaussian Unitary Ensemble (GUE)
matrix.* When K = 0, sT%/3(A, 7 — br) converges in law
to the Tracy-Widom probability distribution TW(-), where
br is the finite horizon equivalent to b and s is a scaling
parameter that depends on c¢ and v [25]. This result can be
generalized to show that for any fixed integer r, the vector
T2/3(5\1’T — by, ..., S\T’T — br) converges in distribution to
a multidimensional version of the Tracy-Widom law. These
results and Theorem 6 can then be used to evaluate the error
probabilities of the source detection schemes described in
Theorem 3 and Proposition 2.

Remark 3. We note without proof that for the specific ARMA
model considered here, the measure vy can be freely replaced
with v in Equation (11). The error incurred on mr(z) by this
replacement is negligible in the ARMA context.

Theorem 6 can also be used to characterize the fluctuations
of the source power estimates:

4We recall that a GUE matrix is a random Hermitian matrix M = [M;;]
such that M;; ~ N(0,1), M;; ~ CN(0,1) for i < j, these random
variables being independent.



Theorem 7. Consider the setup of Theorem 6 and let p; T =
(Gr(Nir)) tfori=1,....514 -+ js Fork=1,...,s
define (with jo = 0)
Pjrttje—1+1,T 1
& =VT — Pk
Djrt4in,T 1

Let My be defined as in Theorem 6 and let X be the
RI* —valued vector of the decreasingly ordered eigenvalues
of pi My,. Then

L . -
(EI,T7"'7€S,T) T ? (Xla"'7XS)'
— 00
Proof: A sketch of the proof is provided in Appendix C.

|

As a corollary of Theorem 7, the following proposition

provides the behavior of the power estimates for extreme

values of pg, i.e. for pp — oo and for pi close to the
detectability limit given by (10):

Proposition 4. Consider the setting of Theorem 7. Let piim,
be the infimum of the py, satisfying (10), My, be defined as in
Theorem 6, and 1y, = oy + B + kdw, U = oy + Bi. Then

Yp ——> 00, Y ———> 0

PkdPlim PrdPlim
Yy —— 1+ kK, ik — 1.
Pr—>00 Pr—>00
Proof: See Appendix D. ]

B. Proof of Theorem 6

The proof relies on two ingredients: an adaption of
[21, Th. 2.3] and a result on fluctuations of quadratic

forms. Let Ar = UrBY with Ur = Hp(H{Hp)"1/?
and BT = STP1/2(H,1|-|HT)1/2 = [BLT,...,Bt7T],
Bir € CTxix In [21], it is shown that the 1

fluctuate like the ordered eigenvalues of the matri-
ces (prg(pr)) '(VarGr + VTFyr) where Fir
mr(pr.1)BJ ¢ (Ir+crme (pr,7) Rr) ™' By 7+1;, and the G,
are GUE matrices independent of the F}, 7. Using HY Hy 235
Ik, the law of large numbers and the definition of py 7
informally give

Fpr~ (% Tr [mr (i) I + crmr(per)Rr) ™' + 1) L,
= 0.

We thus need to study the fluctuations of \/TF;@VT, which is
the purpose of the following lemmas, proved in Appendices E,
F, and G, respectively:

Lemma 3. Let D € CT*T be a sequence of deterministic
Hermitian matrices with supy ||Dr|| < co. Assume that

%Tlr(diag(DT))2 T—> 1)

— 00

1
—TrD2 ——
T T TT~>ooﬁ and

Consider the matrices St defined by (8). Then

\/T(S';DTST—TTDT ) £

TIK G

T—o0

where G = [Gijli<ij<i is random Hermitian such that

{Gij}i<; are independent, G;; ~ N (0,5 + ko) for 1 < i <
K, and Gij NCN(O,ﬂ)fOr 1<i<j<K.

Lemma 4. Let 1 < k < s and

Dr = pemr(prr)(Ir + crmr(prr)Rr) ™t

Then limsupy | Dr|| < oo,

1 2 1 . )
T Tr(D7) ?;g: B, and T Tr(diag(Dr)) ?;;: b

where By and ¢y, are given in Theorem 6.

Lemma 5. Let My,....M;, M, = [Mé,m,k]lgf,mgjk,
be random independent Hermitian matrices such that the
{My i }o<m are independent, My o1 ~ N(0,Br + Kor),
and My, ~ CN(0, i) for 1 <€ <m < ji. Then

c
(VT Fur)p=1...t —— (My)p=1....s.

T—oo

The proof ends with the adapted statement of [21, Th. 2.3]:°

Proposition 5. In the setting of Theorem 6, let Gy, ..., G,
Gy € CI*Ix pe independent GUE matrices. Then, for any
bounded and continuous f : RN+ +is 5 R

]E[f(nl,Tv [ nS,T)} - E[f(Ch s CS)] —0

where (i is the random vector of the decreasingly ordered
eigenvalues of (prg(pr)) ' (axGr + VT Frr).

V. SIMULATION RESULTS

We consider the setting of Section III-B, with signals s j,
drawn from a QPSK constellation for which k = —1 and K =
1. The signal power a3 defines the signal-to-noise ratio (SNR).
The noise is issued from an autoregressive (AR) process of
order 1 and parameter a, so that [Rp|;; = al*=!. All other
parameters are given in the figure captions.

In Figure 1, the false alarm rate (FAR) and correct detection
rate (CDR) performance of the detector proposed in Propo-
sition 2 (consisting in estimating kr =1 among 0,...,L)
is compared against the MDL and AIC detectors (consisting
also in finding exactly one source). We observe that the
proposed detector uniformly outperforms the MDL and the
AIC detectors, consistently with the known inappropriateness
of the latter. Note that the AIC particularly fails to detect
any source, in spite of [V growing, demonstrating the inherent
inconsistency of this estimator.

In Figure 2, the receiver cooperation characteristics (ROC),
parameterized by e, for different values of a are depicted.
We compare here our proposed detection scheme against an
oracle method which assumes perfect knowledge of Rp that
is used to whiten Y7 before applying the proposed schemes
in the white noise case. We observe that the proposed detector
deteriorates with growing a, which can be explained by the

SIn fact, [21, Th. 2.3] characterizes the asymptotic fluctuations of the
random variables v/'T'(A\; T — Pic(i)) instead of the VT(\ir = PK(i),T)> SO
that the speed of convergence of v towards v and of cp towards ¢ had to be
controlled through [21, Assumption 7]. By replacing p;, with py 7, the proof
of [21, Th. 2.3] goes on without the need for that assumption. Replacing pj
by pk, T is enough for the present purpose.



natural spread of supp(u) with a large, implying larger inter-
eigenvalue spacings within the noise subspace and therefore
reduced efficiency of the detection test. On the opposite, the
oracle estimator benefits from increased values of a, due to
the SNR gain obtained by the whitening procedure. Observe
that both approaches perform identically for a = 0, which is
expected since the system models in both cases are identical.

Figure 3 depicts the normalized mean square error (NMSE)
E[(a3 — a2)%a;?] of the power estimation of Proposition 2
against its theoretical value obtained from Theorem 6. For
the purpose of analysis, we assume that the source is always
detected, i.e. lAcT = 1, irrespective of the SNR. As confirmed
by Proposition 4, the theoretical variance diverges as pg |
Pim. We however observe that in the finite IV, T regime, the
power estimator errors remain bounded at low SNR. This is
explained by the fact that, while the theoretical error diverges
due to A | O (see Lemma 2) as pr | piim, its estimator for
each N, T (obtained by replacing m by ) is always non-
zero even for py = plim. In the high SNR regime, here with
k = —1, the NMSE becomes linear (in dB scale) with slope
—10 dB/decade. It is easily shown that the limiting SNR gap
between the proposed and oracle estimators is exactly

10log ( /O 1 Ip(exp(2umu)) 2du- /0 1 |p(exp(2m))|*2du) dB

which is merely due to a gain in SNR after whitening. In
particular, the larger the correlation parameter a, the bigger
the limiting gap.

In Figure 4, the mean square error E[(9(61) — v(61))?]
of the localization function at position #; = 10° is com-
pared against the performances of the oracle estimator (which
performs pre-whitening prior to using the estimator of [22]
or equivalently that of Proposition 3) and of the traditional
MUSIC estimator with localization function traq,7(0) £
Z’ZL h(H)HﬂkyTﬁZTh(G) in the notations of Proposition 2.
The source is again supposed always detected so that kr =1
throughout the experiment. The proposed estimator outper-
forms greatly the traditional MUSIC approach here, which
is both due to the large N,T regime improvement and to
the consideration of the non-white noise setting. The oracle
estimator shows a huge performance improvement in the low
SNR regime, which translates the fact that condition (4) (which
needs to be fulfilled for either method to be valid) is extremely
demanding when a = 0.6 (due to supp(u) being large). In
the large SNR regime, a constant gap is maintained which,
although we do not provide theoretical support, appears as a
similar SNR-gap phenomenon as observed in Figure 3.

In Figure 5, we now take K = 2 sources, with a; = ao
the amplitude of which define the SNR, and again assuming
kr = 2. Here are compared the performances of resolution
of two close sources located at #; = 10° and 6, = 12°
for the localization method proposed in Proposition 3, for
the oracle estimator, and for the traditional MUSIC estimator.
The figure of merit, referred to as resolution probability, is
the probability of identifying exactly two local minima of the
localization function in the window [5°,17°]. We observe that
the proposed algorithm performs significantly better than the

traditional MUSIC method, confirming the results of [22] for
the current model.

1
1]
0.8
>
= 0.6 - Proposed ||
£ g —8— MDL
o
P 0.4 —o— AIC H

Figure 1. CDR (plain curve) and FAR (dashed curves) versus NV with K = 1,
SNR=10dB, L =5, e = 0.75, ¢y = 0.5, and a = 0.6.
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Figure 2.  ROC curves with K = 1, SNR= 2 dB, L = 5, N = 20, and
cr = 0.5.
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Figure 3. NMSE of the estimated power versus SNR with K =1, N = 20,
cr = 0.5, and a = 0.6.
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Figure 4. MSE of the localization function versus SNR with K =1, N =
20, ¢ = 0.2, and a = 0.6.
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Figure 5. Resolution probability versus SNR with K = 2, N = 20, cr =

0.2, and a = 0.6.

VI. CONCLUSION AND RESEARCH PROSPECTS

This article introduced a novel set of statistical inference
methods for large dimensional information-plus-noise models
with multiple sources and unknown colored noise. These
techniques were proved consistent in the limiting regime where
both the system size and the number of observations go
large. The approach pursued here relies on the asymptotic
spectral separation between noise and signal in the observed
sample covariance matrix. Under the same hypotheses, using
instead prior information on the noise structure, an alternative
approach could consist in estimating the noise covariance
in the presence of signals, similar to [26] which treats the
noise-only case. It is expected that this approach performs
better in the low SNR regime, resurrecting signals unseen by
our current method. In the high SNR regime, the covariance
estimation will instead be too degraded for this method to
be beneficial. A trade-off is therefore expected between both
approaches, which we shall study in a future work.

In the specific problem of signal detection, the choice of
the eigenvalue “gap parameter” ¢ does not account for the
observation of the small eigenvalues of Y7 Y as for the power
and direction-of-arrival estimation techniques (through mr).

It seems nonetheless natural to be able to evaluate the right-
edge of supp(u) from these eigenvalues, thus resulting in a
test to compare /A\i,T, 1 = 1,...,L, to the estimated edge.
To finely tune the test, one can then use the results from
[25] which proves Tracy-Widom fluctuations at the edge with
scaling coefficient =" (my) (my given by Corollary 1). How-
ever, estimating both the edge and this coefficient constitute a
challenging problem so far.

APPENDIX
A. Proof of Corollary 1

The derivative

X' (m) = # - c/ <1+tcmt)2 v (dt)

of x(m) is continuous and increasing on (—(cb,)~t,0), and
x'(m) — oo as m 1 0. To establish the proposition, it will be
enough to show that x’(m)i — —oc as m | —(cb,)~ L. This
is obvious when v(b,) > 0. Assume then v(b,) = 0. When
m } —(cb,)~1, by the monotone convergence theorem

12 12
/(1+cmt)2”(dt”/(1—t/b)2”(dt)
b2t?
> /{bmbu] oo ettt =oc

from the behavior of f,(t) near b,, which proves the result.

B. Proof of Lemma 2

Considering Equation (2), we obtain after some calculus that

m’(x) = m?(z)/A(x) on (b, 00). Since m(x) is negative and
increasing on (b, 00), both m’(x) and m?(z) are positive on
this interval so that A(x) > 0 on (b, 00).
Proposition 1 shows that b coincides with the minimum of
x(m) on ((—cb,)~1,0). Moreover, when Assumption 4 is
satisfied (which is the case for the model (8) by Lemma 1),
the proof of Corollary 1 shows that x(m) attains its minimum
at a unique point m, € ((—cb,)~t,0), and x'(m;) = 0.
Finally, Proposition 1 shows that x(m) is the inverse of
m(z) on (b,00). It results that m(z) — m; and m'(z) =
1/x'(m(z)) — oo as x | b. This proves A(z) — 0 as z | b.
When z — oo, both (zm(z))? = ([x(t — z)" u(dt))?
and z?m/(z) = [2*(t — x) ?u(dt) converge to 1. Hence,
A(z) = (zm(z))?(2?m’(x)) =t — 1, concluding the proof.

C. Theorem 7: main steps of the proof
For simplicity, we focus on the fluctuations of /T (Prr —

pl). Recall that ﬁl,T = gT(j\LT)_l and P11 = gT(pLT)_lo

Define g,.(z) = mq(z)(zermy(z) + cr — 1) with mqp(z)
defined in Theorem 1-6). We have

VT (1w —p1) = VT (GrOar) ™ = gr(prr)™h)
=VT(3r(\r)™" - QT(j‘l,T)_l)
+VT (g, (M) = gr(har)™)
+VT(gr(Mr) ™t = gr(prr) ™)
£ f1,T(5\1,T) + f2,T(5\1,T) + f3,T(5\1,T)~

-1
-1



As Ap 2% p1, we can replace f1,T(5\1,T) by
f1,T(5\1,T)]11()\1,T) where 1; is the indicator function on a
small compact interval I in a neighborhood of p;. Mimicking
the proof of Theorem 4, we can show that sup,c; fi,7(z) N
0. We similarly restrict fo 7 to I. On this set, it is possible
to show that the random process T'(my(x) — mr(x)) valued
in the set C(I) of the continuous functions on I, converges
in distribution towards a Gaussian process in C(I). This
result was shown in [27] for I a compact path of C;
this can be generalized to the interval I of interest in this
proof by using the Gaussian tools used in e.g. [21]. As a
result, sup,c; for(x) P, 0. To deal with fa, 0, we start
by observing that gr(px, ) — g(px) and (1/g7(pk,1)) —
—g'(pr)/g*(pr) = —pig (pk). Using the result of Theorem
6 and applying the Delta method [28, Prop. 6.1.6], we can
show that f3’T(5\17T) £ p1[Mi]11. The generalization to the
vectors & 7 defined in the theorem shows no major difficulty.

D. Proof of Proposition 4

From Theorem 2, py | b as pg, | piim- Hence, by Lemma 2,

A(py) — 0 as pg | piim. Moreover, the proof of this lemma
shows that |m(pg)| remains bounded as pj, | b. Hence, since
v # 0y by Assumption 3, the integrals in the expression of oy
are lower bounded by a positive number as py | pim- Thus,
oy — oo which proves the first part of the lemma.
When py, — oo, pr/pr — 1 and ppm(py) — —1. Taking
pr — oo into the expressions of the integrals on the right
hand sides of the expressions of «ay, Si, and ¢y, and recalling
that A(pg) — 1, we get a, — 0, B — 1, and ¢, — 1,
which proves the lemma.

E. Lemma 3: sketch of the proof

The fluctuations of quadratic forms of the type sif Dyst
where s € CT has i.i.d. entries have been well studied (e.g.
[29, Th. 2.1], [30, Th. 3]). Here, the vector st is replaced by
the matrix S € CT*E which introduces some differences in
the proof. We follow here the lines of the proof of [30, Th. 3]
and stress the main differences.

Let VTS = [sy, -+ ,s7] where s; = (8515 ,5;‘7K]T and
let C = [¢;] € CE*E Hermitian matrix. Showing that

\/TTT C(SFDTST — %Tl" DTIK>
# N (0, 8Te(C?) + ra Tr[(diag(C))?))

and invoking the Cramér-Wold device establishes the lemma.
Consider the sequence of increasing o-fields F =
o(s1,...,8t), t = 1,...,T, and denote E; the expectation
conditional to F;. Then, with Ey = E,

1
VT Tr C(S;DTST -+ T DTIK)
T—1
=VT > (Bip1 — Ey) TrCSEDr Sy
t=0
which is a sum of martingale increments, so that the key tool
for establishing Lemma 3 is martingale CLT [31, Th. 35.12].
Writing Z; = (E411 — E¢) Tr CSY DS, we need to show:

o Lyapunov’s condition : there exists § > 0 for which

T-1
T1+5/2 ]EZ2+6 )
; ¢ T— o0 0

o The following convergence holds

T-1
T Z E,Z? SN BTr(C?) + ka Tr[(diag(C))?].
e T—o0

Taking § = 2 and mimicking the calculus of [30, page 5058]
(based on Burkholder’s inequality and E|s; 1|® < oo) gives
T2 Y1y Bl[(Bipr — Bo)[SHDrSrli 1Y = 0,1 <4,j < K,
which proves Lyapunov’s condition. Denoting Dy = [d;],

TZt =dip1,441 I O(st-&-lstHJrl —Ix)

K t
+2%( Y cig sk st dk,t+1)-
=1 k=1

Using the independence of the s; ; and the moments Es; ; =
0, E|s1,1|* = 1, and E[s} ; (s7 ;)"] = 0 for u # v, we obtain

K
T°B, 22 = d2,1 o0 (TY C? + F»Z(:ik)

k=1
K
+ 2 E Ci,jCn,i

t
ijn=1

*
E Sk.j St dit+1de4+1,0-
k=1

Letting DT = [dij ]li>j}, we have
T-1 K 1
TS E,Z2 = (TrC'2—|—/-1 2 .)—Tr diag(Dr))?
; t Lt ]; kk ) (diag(Dr))

2 Ly
+ 5 Tr CSEDRDrSrC.

Using [19, Lemma 2.7] and [30, Lemma 3] (or [32, P. 278]),
we then get

1 e 1 -

— TrCSHDY Dy SrC — Tr C*— Tr DR Dy —2— 0.

T T T—o0
We finally get the result by observing that

2 1 1 ,
7 T DDy = 7 T D2 — 7 Tr(diag(Dr))?.

F. Proof of Lemma 4

[21, Lemma 3.1] shows that for any compact K C R —
supp(p), there exists C' > 0 such that

VT large, Vt € supp(vr), inf( |1+ crmp(z)t| > C
TEe

and hence lim infr inficqupp(uyy |1 + comr(pr,r)t] > 0. It
results that lim supy || Dr|| < co. Furthermore, since

o - [ Ll

T (14 crmr(pr,7)t)
the first convergence in the statement of Lemma 4 holds true.
As for the second convergence, recall that Ry =
[7t—nli<t,n<r, With Y, |r¢| < oo, and define the Toeplitz
matrix 'y £ [Vi—n]i<t.n<T Where v, = &, + cm(py)ry.
Observe that Dy = pka(pk,T)F;l. Let []r be the modulo-

3 Z/T(dt)



T operator, and let T'r = [Yj_pj,]i<en<r be a circu-
lant matrix associated with I'y. By [21, Lemma 3.1] again,
liminf7 inf,ej0,1)(1 + chT(phT)|p(exp(2z7ru))f) > 0,
hence supy || Tr|| < co. It results that 71T, — T2, —
0, with || - [/ the Frobenius norm [23, Th. 5.2]. On the
other hand, since I'y is circulant, its eigenvector matrix is
the Fourier T x T matrix, so that we can show

T-1

. ~— 1 1
diag(T'y") = (T ; 1+ CTmT(Pk,T)|p(eXp(2Z7rt/T))|2>IT.

The lemma is obtained by combining these last two results.

G. Proof of Lemma 5

We essentially show that we can replace the By r by
VPESk,r with Sp = [S17,...,S; 1|, similar to Br. Since
0; # 0; if i # j, from the definition of the vector func-
tion a(@), we have [H;HT]]C’@ — Oy = aT(Gk)HaT(Hg) —
Ore O(1/T). Hence, (HYH7)Y/? & Ix + Er where
|IEr|| = O(1/T). Given any sequence Dt of deterministic
matrices such that supp |Dr| < oo, it can be seen by
a moment derivation with respect to the law of Sr that
E|[BHDyBr — PY2SH Dy S P2, 4| = O(1/T) for any
k,¢ < K. Hence, by Markov’s inequality, v/7'(BY Dy By —
PY258 DS P1/2) Zy 0. Replacing Dy with any of the
matrices pymr(pg,7)(Ir + crmr(prr)Rr) ™!, we get from
Lemma 4 that supy || Dr|| < oo. Therefore, the By, 7 can be
replaced with the |/pi Sk, 7. The result is then obtained upon
applying Lemmas 3 and 4 and recalling that, for k = 1,... ¢,
the Sy 1 are independent.
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